
 

 

 
 

(1)  Change Of Variables In Indefinite Integrals   
 න ݔ݀ ௡ݔ = 1݊ + 1 ௡ାଵݔ + න ܥ sin ݔ ݔ݀ = − cos ݔ +  ܥ

න ݔ√1 ݔ݀  = ݔ√2 + න ܥ cos ݔ ݔ݀ = sin ݔ +  ܥ

sinଶ ݔ =  12 ሺ1 − cos 2ݔ ሻ න secଶ ݔ ݔ݀ = tan ݔ +  ܥ

cosଶ ݔ =  12 ሺ1 + cos 2ݔ ሻ න cscଶ ݔ ݔ݀ = − cot ݔ +  ܥ

   tanଶ ݔ =  secଶ − ݔ 1 න sec ݔ tan ݔ ݔ݀ = sec ݔ +  ܥ

   cotଶ ݔ =  cscଶ − ݔ 1 න csc ݔ cot ݔ ݔ݀ = − csc ݔ +  ܥ

 

Example 1     Evaluate the following integral නሺ5ݔ + 12ሻିସ  ݔ݀

Solution           ܫ =  නሺ5ݔ + 12ሻିସ ݑ ݔ݀ = ݔ5 + = ݑ݀             ,             12 15                       ݔ5݀ ݑ݀  = ܫ           ݔ݀ =  15 න ସିݑ ݑ݀ =   15  ∙  −13 + ଷିݑ  ܿ =  −115  ሺ5ݔ + 12ሻିଷ + ܿ 

Solution ݑ = ݔ3 + ݑ݀                                         5 = 13                                                             ݔ3݀ ݑ݀  = ܫ            ݔ݀ =  න ݔ3√ + 5ర =  ݔ݀   නሺ3ݔ + 5ሻଵସ ݔ݀  =  13 නሺݑሻଵସ ݑ݀  =  13  ∙  45 ሺݑሻହସ + ܿ 

                  =  415  ሺ3ݔ + 5ሻହସ  + ܿ 
 

Example 2     Evaluate න ݔ3√ + 5ర  ݔ݀
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Solution 
ସݔ                 − ଶݔ6 + 9 =  ሺݔଶ −  3ሻሺݔଶ −  3ሻ =  ሺݔଶ −  3ሻଶ               ܫ = න ସݔሺݔ − ଶݔ6 + 9ሻଵ଻݀ݔ = න ଶݔሾሺݔ −  3ሻଶሿଵ଻ ݔ݀  =  නሺݔଶ −  3ሻଷସ ∙ ݑ  ݔ݀ݔ = ଶݔ  − ݑ݀                                3  = 12                                 ݔ݀ݔ2 ݑ݀  = ܫ            ݔ݀ݔ =  12 න ଷସݑ = ݑ݀   12  ∙ ଷହݑ 135  +  ܿ =  170 ሺݔଶ −  3ሻଷହ + ܿ 

Solution 
ݑ              = ݔ  − ݑ݀                             3 = ݔ                      ݔ݀ = ݑ + 3 
ܫ              = ׬  ݔ√ݔ − 3 ݔ݀  = ݑሺ׬  + 3ሻ =                   ݑ݀ ݑ√  නሺݑ + 3ሻݑଵଶ ݀ݑ   =  න ൬ݑଷଶ + ଵଶ൰ݑ3 =                     ݑ݀  ହଶݑ 25  +  3 ∙ ଷଶݑ 23  + ܿ =  25 ሺݔ − 3ሻହଶ +  2 ሺݔ − 3ሻଷଶ + ܿ 

Solution  ݑ = యݔ√  ݑ                                        = ݔ ଵଷ    ݀ݑ = ଶଷିݔ 13  ݑ3݀                             ݔ݀  = ଶయݔ√1  ܫ         ݔ݀   =  න sin ଶయݔ√యݔ√ ݔ݀ =  න sin యݔ√ ∙ ଶయݔ√1 ݔ݀ = 3 න sin = ݑ݀ ݑ  −3 cos ݑ  + ܿ =  −3 cos యݔ√ + ܿ 

Solution ݑ =  1 + cos ଶݔ ݑ݀                                              =  − sin ଶݔ ∙ 12−                                     ݔ݀ݔ2 ݑ݀  = ݔ sin ଶݔ ܫ ݔ݀  = න ݔ sin ଶݔ ඥ1 + cos ଶݔ ݔ݀ =  −12 න ݑ√ ݑ݀   =  −12 න ଵଶݑ ݑ݀  =  −12  ∙ ଷଶݑ 23  + ܿ =  −13  ሺ1 + cos ଶሻଷଶݔ + ܿ 

Solution 

Example 7     Evaluate the following integral   න ସݔሺݔ − ଶݔ6 + 9ሻଵ଻݀ݔ 

Example 8     Find the antiderivative of  ݔ√ݔ − 3 

Example 9     Evaluate the following integral   න sin ଶయݔ√యݔ√  ݔ݀

Example 10     Evaluate the following integral  න ݔ sin ଶݔ ඥ1 + cos ଶݔ  ݔ݀

Example 11     Evaluate the following integral  නሺsin ݔ3 − cos  ݔሻଶ݀ݔ3
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           ሺsin ݔ3 − cos ሻଶݔ3 =  sinଶ ݔ3 + cosଶ ݔ3 − 2 sin ݔ3 cos ݔ3 = 1 −  sin ܫ               ݔ6 =  නሺsin ݔ3 − cos ݔሻଶ݀ݔ3 =  නሺ1 − sin ሻ ݔ6 ݔ݀  = ݔ +  16 cos ݔ6 + ܿ 

Homework 
 

1 Evaluate නሺ2ݔ − 3ሻ଻ Evaluate න 2 ݔ݀ ݔ7√ − 5  ݔ݀ 

3 Evaluate න ݔ2√ − 1య Evaluate න 4 ݔ݀  7ሺ2ݔ + 9ሻ଺  ݔ݀

5 Evaluate න 7ሺ2ݔ + 9ሻ଺ Evaluate න 6 ݔ݀ ݔ4√1 − 5  ݔ݀ 

7 Evaluate න ඥሺ8ݔ݀ − ሻ଺ఱݔ3  8 Evaluate න ଶݔ − 2ሺݔଷ − ݔ6 + 1ሻ଺  ݔ݀ 

9 Evaluate න ඥ25ݔ − ଶݔ 10 ݔ݀  Evaluate න ݏ√ ൬ݏଷଶ + 1൰ହ  ݏ݀

11 Evaluate න − ݔ √൫ ݔ √1 5൯ଷ 12 ݔ݀ Evaluate න ൬1 + ൰ିଷݔ1 ଶݔ1  ݔ݀

13 Evaluate න ൬1 + ൰ି଻ݔ1 ଶݔ1 14 ݔ݀ Find the antiderivative of  ݔ√ݔ + 1 

15 Find න ସݔሺݔ + ଶݔ2 + 1ሻଶ଴݀16 ݔ Evaluate න ଺ݔ√ + ݔସݔ5 ݔ   ,  ݔ݀ > 0 

17 Evaluate න cosሺ3ݔ − 4ሻ 18 ݔ݀ Evaluate න ݔ secଶሺ2ݔଶ + 5ሻ  ݔ݀

19 Evaluate න cos ଶయݔ√యݔ√ 20 ݔ݀ Evaluate න sin 1√ݔ4 − cos ݔ4  ݔ݀

21 Evaluate නሺ5 + cos ሻଷݔ sin ݔ 22 ݔ݀  Evaluate න sin ሺ1ݔ3 − cos ሻହݔ3  ݔ݀

23 Evaluate න 2ߨ ݔ cos ଶݔ ඥ1 + sin ଶݔ 24 ݔ݀ Evaluate නሺsin ݔ2 + cos  ݔሻଶ݀ݔ2

25 Show that න sinଷݔ݀  ݔ = 13 cosଷ ݔ − cos ݔ +  where C is an arbitrary constant ܥ

 


